GENERAL THEORY OF CURVES ON RULED SURFACES*

BY

E. J. WILCZYNSKI

§ 1. Relation between the differential equations of the surface and of the
curves situated upon it.

Let a ruled surface be given by means of the system of differential equa-
tions

M Y +pny +Plzz‘l+ Yy + 9,2=0,

7+ ley’ + P+ @Y + ¢2=0,

so that the curves C, and C, will be two curves upon it, the lines joining corre-
sponding points of these two curves being generators of the surface. We shall
eliminate once z and once y, so as to obtain the linear differential equations of
the fourth order which each of these functions must satisfy.

We have from (1), by differentiation,

(2) y¥O=ryy'+ rlzz"l' S Y+ 85,2,

where

3 ’ .
A =1y Y+ 2 8 Y + 8%,

Ty =Ph + PiuPa—Pu— u $u="Puu + Pula — N>
@) Ty =Pu(Pu+Pp) —Prz— Q20 Se=Puft Pl — Y
Ta=Pn(Pu+Pn) —Pu— %> Sa=Paln+ Puln— %>
Ty = P2+ ProPn — Poz — T> 80 = P Q1o + P lor — Tro-
We find, by another differentiation,

4) ¥y =0y + llzz, + muy + my,2,

2 =1,y + 1,2 + myy+ myz,
where

* Presented to the Society April 30, 1904. Received for publication March 12, 1904.
1 Of the Carnegie Institution of Washington.
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lu =—Pu"™i—PaTit r;1 + S my=—7ry¢y — "29a + 3;1’
(5) l12 = —Pp" —PuT:t riz + 825 My = — P3G — T2+ 3;2 ’
lzl =—PuTa —PuTn+ 7‘;1 + S My = =T3¢y — Tuqn + 3;1’
ly=— DTy —PuTn+ r;_z + S50 Moy = — Ty 1y — T @ + So-

If we put further
(6) A =P85 — Q"> A, =P, 8, — @ulas
we can find, from the above equations,
Az =puy® + ey + (Pume —Pum)Y + (qume — Pusu)Y>
— 82" =9,9? + 8,¥" + (Puse — 2")Y + (98 — G8u) Y

and similarly,

M

Az?/ =Pa 2® + r2lz” + (pzz 21— Pa rzz)z’ + (%2"21 — Px szz)z’
- Azyl =4qa 2® + Sn 7 + (pzzszl —qa rzz)z' + (%2 Sa— 9 szz)z'

Finally, we obtain the required differential equations for y and z, viz:

®)

Al y“) = (pnzmlz — Qs lxz)?/(3) + (rlzmjz — S llz)."/”
(9) + [(pnrlz —Piz™n )m12 - (1’11 813 — %zrn)llz + Al ln] ?/’
+ [(%1"'12 —DPizSn )mm - (911312 - 912su) llz + Almll]y’

and
Azz“) = (p2l My — 9 l2l )z(a) + (7'21 My — S lzl)z
(10) + [(17227'21 _]7217'22)m21 - (pzzszx - q21r22)l2l + Azl‘n] 2
+ [(q227'21 —pi.‘l 822)m21 - (%2321 - QZ1822)Z21 + A2m22]z'

These equations are capable of a vast number of applications. Any question,
in fact, in regard to the existence of curves of a specified character on a ruled
surface must make use of them.

We notice that the conditions A, =0 or A, = 0 will be necessary and suffi-
cient to make C, or C, plane curves; the differential equations (of the third
order) of these plane curves are found by putting A, =0 or A, =0 in (T) or

(8) respectively. We will merely indicate a few other applications of these for-
mulas. Let us write (9), more briefly,

[(97] YO+ 4p,y¥ + 6p,y” + 4py’ + py =0.

It is easy to write down the conditions that the integral curve of (9') shall
belong to a linear complex, or that it shall be a twisted cubic. In one case its
invariant of weight 3, and in the other both of its invariants, must vanish. But
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these conditions, which we now find expressed in terms of the coefficients of (1),
become conditions for a particular kind of ruled surface, which contains such
curves. One can impose other conditions, for example, that these curves shall
be flecnode curves or asymptotic curves on the surface, and then proceed to
study the particular class of surface characterized.

It is not our intention to follow up any of these special problems, interesting
as they are. We shall, however, apply our equations for the purpose of answer-
ing some questions of a fundamental nature in the general theory of ruled
surfaces.

§ 2. On ruled surfaces, one of the branches of whose flecnode curve is given.

The flecnode curve is so important in the general theory of ruled surfaces,
that it seems essential to investigate to what extent it may be arbitrarily assigned.

If one of the sheets of the flecnode surface, ', of § is given, there remain
only two possibilities for S, namely, one or the other of the two sheets of the
flecnode surface of #''. But let us suppose that we merely know that a certain
curve C is one of the branches of the flecnode curve on §. Then there are two
questions to answer. Can this curve be chosen arbitrarily? And how far does
it determine the surface S?

Let the curve C be given by means of its differential equation

4— 2 —

(11) 324 + 4p, Zws + 6p, Za—,.z + 4p, :ll- +py=0,

where 7, ---, p, are given functions of Z. In the system of differential equa-
tions (1) defining our surface S, we must regard the coefficients p, and g,
as unknown functions. We may, however, assume without exception that
u, =0, so that O'y is one of the branches of the flecnode curve on S, that
Pu=0, so that C, is an asymptotic curve on S, and that p, = p, =0.
Under these assumptions we form the differential equation (9) of the curve C,.
Since C, is to be identical with C' it must be possible to convert equation (9)
into (11) by a transformation of the form

(12) y=9(2)y, x=f(=).
The functions ¢ and f are not independent however. For, while the equations
u,, =0 and p, = 0 are not disturbed by any transformation of this form, the
conditions p , = p,, = 0 are. In fact a transformation of the form (12) con-
verts (1) into another system of the same form whose corresponding coefficients
P and p,, will be

¢I fl/ ¢I fl/
p11+2¢ 7 p22+2_$+(?

Py =_,f ) 29 = f"
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In order, therefore, that after this transformation p , and p,, may again vanish,
we must have

(13)

o
¢ = _l/j{/ )
where C is an arbitrary constant, which may be put equal to unity.
If then we apply the transformation (12) to (11), we shall get an equation

4 3 ¥

g:i{ + 4191 g?c'?{ + 6172 g;:g + 4]93 g% +pPy = 0,

which we must identify with (9). Equating coefficients gives us a system of
four equations with five unknown functions of x, viz.: f, p,, .15 91> 9a2-

We find, therefore, the following theorem: An arbitrary space curve being
gwen, it can be considered as one branch of the flecnode curve of an infinity
of ruled surfaces, into whose general expression there enters an arbitrary func-
tion. One may, therefore, impose another condition and still obtain an infinity
of ruled surfaces.

The most general curve C, which is capable of being the second branch of
the flecnode curve on a ruled surface for which C), is the first branch, involves,
therefore, in its expression one arbitrary function. It cannot, therefore, be an
arbitrary curve, as that would involve three arbitrary functions.

Therefore, two curves taken at random cannot be connected point to point in
such a way as to constitute the complete flecnode curve upon the ruled surface
thus generated.

We can also prove our theorem by purely synthetic considerations. Let us
take points P, P,, P,, P,,--- on an arbitrary curve, corresponding for
example to equal increments Ax of the parameter. Through P, P,, P, draw
three arbitrary lines ¢, ¢,, 9,. We can draw a line f; through P, intersecting
g, and g,, say in @, and @,. Take an arbitrary point @, on f;, and join it to
P, by a line g,. Then f intersects g,, ¢,, g5, ¢,- Through P, we draw a
line f, intersecting g, and g, in points @);, ), and of course g, in @, = P,.
Take an arbitrary point ); on f, and join it to P, by a line g,. Continue this
process. Clearly, we shall get two assemblages of lines g¢,,¢,,--- and
JisSos - -+, which when P, P,, ... are taken closer and closer together, approach
as a limit two ruled surfaces having the given curve as flecnode curve, and which
are flecnode surfaces of each other. The first three lines ¢,, g,, g, are arbi-
trary, and thus give rise to six constants of integration. Further, the double
ratios (P, @y, @5 Qu)s (@25 @55 Qi @), ete., may be chosen arbitrarily,
which brings into evidence the arbitrary function involved in the construction
of these surfaces.

The construction which has just been described becomes indeterminate if the
given curve C is a straight line. For then (), coincides with P,, etc. In fact,
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the most general ruled surface with a given straight line directrix depends on
two arbitrary functions.

If the given curve C is to be at the same time the second branch of the flec-
node curve, i. e., if both of the branches of the flecnode curve of S coincide
with C, g, must be tangent to the hyperboloid determined by g¢,, 9., 955 95
must be tangent to the hyperboloid determined by g¢,, ¢,, g,; ete. This condi-
tion, therefore, clearly fixes the double ratios (@, @, @, @,), ete., i. e., the arbi-
trary function. Therefore this problem has in general oo® solutions.

Let us assume that C, is not a straight line. Let us call the developable
surface formed by the tangents of C, its primary developable. There exists
another important developable surface containing C,, which we shall speak of
as its secondary developable, as indicated in the following theorem.

1. If at every point of the flecnode curve of S there be drawn the generator
of the surface, the flecnode tangent, the tangent of the flecnode curve, and
Jinally the line which is the harmonic conjugate of the latter with respect to
the other two, the locus of these last lines is a developable surface, the sec-
ondary developable of the flecnode curve.

2. We can find a single infinity of ruled surfaces, each having one branch
of its flecnode curve in common with that of 8. This family of o' surfaces
can be described as an involution, of which any surface of the family and its
JSlecnode surface form a pair. The primary and secondary developables of
the branch of the flecnode surface considered, are the double surfaces of this
involution. In fact, the generators of these surfaces, at every point of their
common flecnode curve, form an involution in the usual sense.

We proceed to prove these theorems. Since C, is a branch of the flecnode
curve, we may assume %, = p, = p,, = 0. System (1) assumes the form

(14) ¥ +pur’ +quy+3pez=0, 2+ Py + @y + gn2=0.
The flecnode tangent at P, is the line joining P, to P,, where
P=2y" +pp,z,

while the tangent of the flecnode curve joins P, to P,. In the plane pencil
formed by these lines, the harmonic conjugate of P P, with respect to P, P,
and P, P, will be the line P, P, , where

T=Y +p,2-
But from the first equation of (14) we find

(15) T gy — 32 (r—y)=0,
pl2

i. e., P, P, generates a developable surface as asserted in the first theorem.
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Put

e=14+ky' =(14+k)y + p,z2,
(16) Y = ( )Y + Py,

=T1—ky'=(1=k)y + py,2,

where % is a constant. Clearly the lines P P, and P P, form a pair of the
involution whose double lines are P P, and P P,.
One finds that y and e satisfy the following system of differential equations:

¥'+ Py + PIZG' + Quy + Q12e= 0,

(17) 77 ’ ’
€'+ P,y + Pye +Q21y+ Qne=0,
where
1-|-ka2 1 9 1 Pz
P11=—'W§l_2’ P =" Q11='_']?’ le:ﬂp_w’
(1- 370)1 L2 1=k
Py = (1+k)q,+k(14k)qp—kpy, py+ ~— 42 )<§:Z)+ 9~ ﬁ::
1—3kp,
_ T 9K Py
(18) Py= gy L2,
, 1—3EY(1+Ek)p
Qzl = (1 + k)Qn - kp12921 + ( 2)]‘;( )]p_;“i:%n
_ (A=38k)A—Fk)(p,\ [ 1—Fkp)
sz—_[k%z"' YA p—xz +""2__}9_l’2 .
We find

U12=2P;2_4Q12+P12(P11+Pzz)=0

i. e., the curve C, is flecnode curve on the ruled surface S, generated by P P,.
The flecnode surface of S, is obtained by joining P, to the point
, 1 1+ kp;
2y +P“y+.P126=—~k-f % 'plz?/
a point on the line P, P,. We see therefore that the ruled surfaces S, and
and 8_, are flecnode surfaces of each other. We have now proved our second
theorem, and we may speak of an involution of ruled surfaces having one branch
of their flecnode curve in common. The double surfaces of the involution are
developables, while the members of each pair of the involution are flecnode sur-

faces of each other.
We have seen that P, P, generates a developable. If

g=ay+ B
represents its edge of regression, it must be possible to represent ¢’ in the form

9 =9y + or,

since the line P P, must then be tangent to the curve C.
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We find, by differentiation, making use of (15),

g' = ay’ + B( % 2127 — Yy — 21'&2?/,) + aly + B'T,
12

so that g’ will be of the required form if, and only if,

a:fB =p;2 : 2pm'
Therefore
g =D,y + 2p,T.

If we express t in terms of y, z and p, we shall find

(19a) g=P.P + P,y + Ph2

as the expression for the edge of regression of the secondury develupable of
the branch C, of the flecnode curve. Similarly, if 6, 4 0,

(196) k=]9210'+p;12+]9§1‘3/
will represent the cuspidal edge of the secondary developable of the branch C,
of the flecnode curve, assuming, of course, u, = 0.
One easily finds
(20) —3pu9 +Pug’ =Ny = Epnh A pali= e,
where
A =szp:2 + %’pfzuu —1)?21921 - '%(p;2 )i
B=DPuPy + $P5 U — PP — § (P21)"
The system of differential equations of which ¢ and % are the solutions has
the coefficients

(21)

1__, , Par 3p, A
Pu =X A+ 21’?21%21’21]’ P12= _2/:_’ le = - 22’,::

9

(22)
Qu = - x]:z [7\(21”1/2 + i’plzuu - %pf2p2l) - %]);2(7\"'{' %szpizpzl)L

while P, , P,,, @,,, @, are obtained from these same equations by permuting
the indices 1 and 2, and consequently also the letters A and u.

We see that we thus obtain, corresponding uniquely to any ruled sur-
Sace whose flecnode curve intersects every generator in two distinct points,
another ruled surface whickh is generated by the lines joining corresponding
points of the edges of regression of the secondary developables of the two
branches of the flecnode curve.

Equations (20) show that one of the secondary developables of C, and C,
degenerates into a cone if A or u vanishes. In that case our new ruled surface
also becomes a cone. If both of the secondary developables are cones, this ruled

Trans. Am. Math. Soc. 6
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surface degenerates into the straight line joining their vertices. If A=A =0,
the secondary developable of C is a plane pencil.

Equations (22) show that this new ruled surface cannot be developable except
if X or u is zero, i. e., unless it is a cone. For the possibility p,, = 0 or p, =0
is to be excluded, since we should then have a ruled surface S with a straight
line directrix.

§ 8. On ruled surfaces one of the branches of whose complex curve is given.

There exists an infinity of ruled surfaces each of which contains an arbitrarily
given curve as one branch of its complex curve. Into the general analytical
expression of these surfaces there enters an arbitrary function. The analytical
proof of this statement is precisely similar to that of the corresponding
theorem of §2. We shall give at once a geometrical construction for these
surfaces.

Let us consider five straight lines ¢,, ---, g,. Let f|, f" be the two trans-
versals of ¢,, ---, ¢,, and [, f, those of g¢,, .-, g,. Clearly ¢, ---, g,
determine a linear complex, with respect to which /7, " and f, f, are two
pairs of reciprocal polars. Take a point P on ¢g,. The plane, which corre-
sponds to it in the linear complex, passes through ¢, and the line 4, which passes
through P and intersects both f, and /. Ifg,, ..., g, are made to approach
each other, we shall have in the limit five consecutive generators of a ruled sur-
face and its osculating linear complex. The plane tangent to this ruled surface
at P is the limit of the plane containing ¢, and the line through 2 which inter-
sect ¢, and g,, i. e., the asymptotic tangent of the surface at P. If P is a
point on the complex curve, 2, must be in the plane tangent to the ruled sur-
face at P.

Now let an arbitrary curve be given, and let us choose points upon it,
P, P,, P, -, according to any law. Through P, ..., P, draw four arbi-
trary lines ¢,, ---, ¢,. Through P, draw %, any line which intersects g,.
Let @ be this point of intersection. The line g,, through P, is to be con-
structed in such a way that the two transversals of g,, ---, g, shall both meet
h,. Now these transversals must be generators of the second set on the hyper-
boloid determined by ¢,, ¢;, 9,- They must, therefore, be those two generators
of the second set, f, and f7, which pass through the two points in which A,
intersects the hyperboloid. One of these pointsis ). There exists just one
line through P, intersecting both £ and 7,. It is the line g,. In the same
way, starting with g,, ---, g,, we can construct g, etc. Finally we pass to the
limit. There enters an arbitrary function, fixing the position of the successive
lines %,, A,, - - - in the planes in which they must lie.

That a corresponding theorem is true for asymptotic curves, is obvious.

NICE, February 25th, 1904.




